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Abstract 
In the previous symposium, it was demonstrated that extrapolation of momentum enhancement E data from small laboratory tests to larger 
asteroid and comet nucleus deflection scenarios predicts large E values due to the fact that E does not scale with size.  The big question in 
the extrapolation to larger scales is whether the damage process in the crater formation saturates at some scale – i.e., is there a size beyond 
which the momentum enhancement does scale, and thus the large scale large E values are not realized.  In this work we take the data from 
the NASA Ames gun in the 1960s by Denardo and Nysmith [1] and examine its clear lack of scaling in more detail.  We determine the 
behavior of the ejecta mass.  We show that the amount of ejecta mass is proportional to the impact velocity squared times the square root 
of the projectile diameter, a quantity which has the dimensions of fracture toughness.  Thus, it is likely that the mass liberation process 
depends on fracture toughness, which contrasts with the fact that the crater size depends on target material strength.  Thus, a small 
fracture toughness leads to large ejecta mass, and that in turn leads to large momentum enhancement.  The appearance of the dimensions 
of fracture toughness implies that classical failure scaling is at work.  Classical fracture mechanics is a damage process that likely will not 
saturate and that we then are able to extrapolate to large sizes.  We discuss impactors that would be used to deflect asteroids or comet 
nuclei for planetary defense or for engineering and exploration purposes, and what expected momentum enhancements would be for 
impacts into asteroids or comet nuclei comprised of consolidated materials. 
© 2015 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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1. Scale-Size Effect in Momentum Enhancement 
The major portion of the amount of momentum transferred to a celestial body by impact is due to the ejecta thrown in the 
direction opposite that of the incoming impactor.  In previous work the authors have pointed out that the momentum 
enhancement and the ejecta do not scale.  To better understand these phenomena, we begin by a careful analysis of the 
Denardo and Nysmith data for 2017-T4 aluminum impactors striking 2024-T4 aluminum targets [1].  These impacts clearly 
show that momentum enhancement depends on the scale over a small size scale range of a factor of 10, for projectiles 
ranging from 0.16 cm to 1.27 cm in diameter.  By depends on the scale we mean that since E is the target change in 
momentum normalized by the impactor momentum, if the event scaled, then, for a given impact speed, E would not depend 
on the size of the impactor, but it does.  Impact speeds ranged from 0.5 to 7.5 km/s.  Figure 1 shows the Denardo and 
Nysmith momentum enhancement data vs. impact velocity.  The lack of scaling is evident in that the data sets do not 
overlay. 
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Figure 1. Denardo and Nysmith momentum enhancement data for 2017-T4 aluminum spheres with diameters shown (in inches) impacting two aluminums, 
2024-T4 and 1100-O [1].  The fact that momentum enhancement depends on the scale is evident in that the values do not all fall on a single curve.   
Diameters in cgs are 0.159, 0.318, 0.635, and 1.27 cm and with a density of 2.78 g/cm3 the masses are 0.006, 0.0468, 0.373, and 3 grams.   
 
2.  Separating Out the Parts of the Momentum Enhancement 
 
Momentum is transferred to the target in three mechanisms, 1) the initial momentum of the impactor, 2) the momentum 
transferred due to projectile debris being ejected back along the shot line, and 3) crater ejecta comprised of fragmented 
target debris that travels back along the shot line.  Given these three origins, we write the momentum enhancement as 
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where ' indicates the change in target momentum, Ep is the projectile remains thrown in the opposite direction, me is the 
mass of the ejecta, mp is the mass of the projectile, and v is the striking velocity.  Our initial goal is to better understand 
me/mp, which depends on both impact velocity and scale, and to understand the function f, which we suggest only depends 
on the striking velocity. 
 
 
3.  Mass of the Ejecta 
 
Denardo and Nysmith measured the mass of the ejecta by measuring the mass of the target before and after the impact 
test. Figure 2 (left) shows the mass of the ejecta, normalized by the mass of the projectile, as a function of impact speed.  
The data shows a clear dependence on scale of the impactor, which in this case is provided by the diameter of the projectile.  
However, it is possible to reduce this data to a straight line.  If we instead plot the same ejecta mass normalized by the 
impactor mass, but now plot it versus the impact speed squared multiplied by the square root of the projectile diameter, all 
the data collapses to a straight line, as seen in Figure 2 (right).  This result is very intriguing.  If we multiply the horizontal 
axis variable by a density, we obtain the dimensions of a stress times the square root of a length.  This is the classical 
dimensions that arises in efforts to model fracture and failure, and in particular is the dimensions of fracture toughness.  This 
suggests that fracture toughness is inversely proportional to the mass of ejecta that is produced, and the specific form we 
propose that fits this data for aluminum is 
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Figure 2.  Figure showing the ejecta mass data from [1] normalized by projectile mass as a function of impact velocity (left) and as a function of impact 
velocity squared multiplied by the square root of the projectile diameter (units are (km/s)2cm1/2).  The fits are based on Eq. (2) for the two aluminums (the 
difference being the fracture toughness for 2024-T4 and 1100-O.  The slope of the line with these units is 0.6 for Al 2024 and 0.2 for Al 2017. 
 
The standard deviation error measure of the ejecta mass (square root of the sum of the squared error divided by 56 data 
points minus 1) of the straight line given by Eq. (2) versus all the Denardo and Nysmith data is 1.20 projectile masses.  (If 
the large outlier at 5.8 (km/s)2cm1/2 is left out, the error drops to 1.03 projectile masses.)  This equation suggests the 
impactor energy drives the ejecta formation process and that the resistance to mass liberation from the target is provided by 
the fracture toughness.  The leading density ratio term is because we expect the density of the target to affect the total ejecta 
mass; for this data set both the impactor and target are aluminum.  Examination of the data gives C2 = 1.4 and, using KC = 
25 MPa m1/2 for Al 2024-T4 yields C1 = 0.054; the value of a = 0.5 follows from computational work in [2-5].  Figure 2 
(right) shows the line for this equation.  For Al 1100-O, which is the extremely ductile nearly pure aluminum, we do not 
have an explicit value for the fracture toughness, but approximate it with a value of three times that of Al 2024, or 
75 MPa m1/2.  Equation (2) predicts an impact speed below which no ejecta is formed, namely 
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4.  The Momentum Enhancement due to Projectile Debris 
 
The projectile debris scales with the size of the projectile, so a scale effect is not anticipated for the momentum 
enhancement due to the projectile debris.  At lower velocities (1 km/s regime) the aluminum projectile deforms but does not 
disintegrate, and thus there is minimal throwback of the projectile material.  As the velocity increases and the projectile 
erodes and the crater becomes larger, the projectile material is thrown back.  More sophisticated penetration models can be 
used at this point, but we can use the Tate model [6] to approximate this debris.  In the Tate model, the penetration velocity 
u is given by solving 
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A typical value of the extent of the plastic zone α in the target is 5, though it depends on the penetration velocity (it 
decreases with increasing penetration velocity, see [7]).  When the projectile material is turned around in the crater, it is 
thrown back at a velocity of v – 2u.  When Rt is greater than Yp, there is a minimum velocity vc below which u = 0 and there 
is no projectile debris thrown backwards.  If Yp > Rt then there is no debris thrown back because u > v/2.  When  Yp < Rt, 
then eroded projectile material is thrown back at the speed v – 2u.  In our case the projectile and target densities are the 
same, and we obtain  
(3) 
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As mentioned, at lower velocities there is no throw back of debris as the projectile is not eroding.  Thus, we approximate 
this regime by multiplying by a factor that is zero at vc, where the penetration velocity is zero and hence there is no 
penetration and then approaches 1 for higher velocities.  The simplest approach is 
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This term is never large and is really only intended to help the fits below 2 km/s for metals; its maximum value is easily 
computed to be 4/27 = 0.15.  The plus sign in the subscript means that the value is 0 if the term is negative. 
 
5.  Average Velocity of the Ejecta 
 
When we assume that E – 1 or E – Ep – 1 scales on ejecta mass, we get a clear indication that the remaining f (v) term is 
scale independent.  To show this, we display both cases, by plotting the terms divided by the ejecta mass normalized by the 
impactors mass: namely (E – 1)/(me/mp) (Figure 3 left) and (E – Ep – 1)/(me/mp) (Figure 3 right).  It appears that the 
expressions are scale independent.  They are also decreasing functions of velocity.  These facts imply that the scale-
dependent increase in the momentum enhancement is due to the scale-dependent increase in the ejecta mass, and not that the 
material is being ejected faster.  The mass weighted average velocity of ejecta material is decreasing.  This is likely due to 
the fact that large fragments produced by the higher speed impacts travel more slowly, and thus reduce the mass-averaged 
ejecta fragment velocity.  Specifically, the amount of ejecta mass is growing as velocity squared and the velocity component 
of the ejecta is decreasing as 1/vb.  It is also evident that including the projectile debris Ep affects the result.  To write a 
general equation, 
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The effect of the 1/Yt term is shown in the plots for the 1100-O material and is based is based on the test data.  The presence 
of the sound speed and Young’s modulus are speculations based on the dimensions of the terms; as written the equation 
implies that both stiffer and weaker targets give rise to increased velocities of the ejecta.  The C3 = 2.8e-04 and b = 1.4 
correspond to not including the Ep term (vc = 890 m/s), while C3 = 0.011 and b = 1 corresponding to including Ep.   These 
values assumed aluminum properties for Et = 73.1 GPa. the bar wave speed ct = 5125 m/s, and Yt ~ 400 MPa for Al 2024. 
The multiplicative splitting of target-material momentum enhancement into ejecta mass multiplied by a velocity term 
implies that the velocity field (or material motion) in the target is scale independent while the amount of material liberated 
(ejecta) within this target motion depends on the fracture toughness of the material. 
 
   
Figure 3. Left image shows (E – 1)/(me/mp) vs. impact speed where the fit curve is given by 0.5/v1.4 and the right image shows (E – Ep – 1)/(me/mp) vs. 
impact speed where the fit curve is given by 0.25/v; in both fit equations the speed v is in km/s.  The Al 1100-O curves (upper curves in each figure) 
assume Yt ~ 125 MPa, and thus each curve is multiplied by 3.2 (=ratio of the two aluminum target strengths). 
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6.  Combined Model 
 
We now combine the pieces and compare the model to the original data.  Individual curves are plotted because the 
expression in Eq. (1) is not a function of single variable. Both approaches to the model are used, both not including Ep 
(Figure 4 left) and including Ep (Figure 4 right), though it should be remembered that the C3 and b are different in each case.  
The curves show reasonable agreement to the momentum enhancement data for Al 2024. 
 
      
Figure 4.  Left image compares the Al 2024-T4 momentum enhancement data for the model where Ep is not included, and the right image shows the model 
when Ep is included. 
 
7.  Damage Modeling 
 
We performed a series of numerical simulations with CTH attempting to use local damage models to reflect this data set.  
It is clear that there must be some sort of scale-dependent behaviour in a model, and that can arise through explicit length or 
time scale terms, strain rate terms, or fracture-like terms.  Our computations with the Johnson-Cook damage model, which 
includes a strain-rate term in the failure-strain portion which controls the rate of damage accumulation,  
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showed only a very small size dependence.  Further computations where the strain-rate coefficient D4 was artificially 
adjusted did not lead to realistic behavior or matching the data.  A damage model that does have built into it the right 
“fracture scaling” is the Tuler-Butcher model,  
³  ,)( 2 dtD cVV  
but to date we have not been able to get good agreement with these experiments using the model. 
Most fracture related modeling includes the use of a length scale.  We showed in [3,4] how to match these data by 
making the failure strain scale dependent.  Though that works, it is not very satisfying since the scale is being arbitrarily set 
from the outside, and it would be much more appealing to have a local damage model that could reproduce the results.  
Then there would be more confidence in the results of extrapolating to large scales. 
 
 
8.  Application to Deflecting Asteroid and Comet Nucleus 
 
Our primary interest in analyzing this data is in better understanding the scaling effect as one goes to large impactors and 
high impact speeds, speeds and scales at which we cannot currently perform tests.  The application is deflecting an asteroid 
or comet nucleus by using a hypervelocity impact [8,9].  Thus, if we write down our model β for high impact speeds and 
large impactors, therefore including only the target ejecta term of Eq. (1), the models developed here tend to  
(8) 
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For a 10 km/s impact, the difference in the two approaches (different bs) is between 20 – 25%.  An impactor intended to 
deflect an asteroid would likely be something like a 1-meter diameter aluminum sphere.  The presence of the fracture 
toughness argues that the damage process probably will not saturate.  The power 0.5 on the projectile size, while previous 
work had an 0.4 power [4,5], but both are close.  The 0.4 power on the projectile diameter was also shown to match some 
rock impact momentum enhancement data [4,5].  Also, we expect that asteroid and cometary material will have a very small 
fracture toughness, since we expect that it is not very cohesive.  Thus, we expect large momentum enhancements.  In fact 
for the impact on a rocky asteroid with a fracture toughness on the order of 2 MPa m1/2 and with a relatively low strength, 
say half that of aluminum, one is already looking at 20 times the momentum enhancement over striking aluminum, or a E on 
the order of 40 to 60.  This size value agrees with our previous work that showed a momentum enhancement of E = 44 for a 
1-meter-diameter spherical aluminum impactor striking rock at 10 km/s [4,5].  However, if the fracture toughness term is 
correct, then even larger momentum enhancements could ensue due to the large amount of crater ejecta as predicted in 
Eq. (2).  
 
 
9.  Conclusions  
 
It was shown that the momentum enhancement can be multiplicatively factored into the ejecta mass, which is scale size 
dependent, and a function of the velocity, which is not scale size dependent.  The ejecta mass is a linear function of the 
impact velocity squared multiplied by the square root of the impactor radius, hence giving rise to the dimensions of fracture 
toughness.  Following dimensional arguments, an expression was developed for the ejecta mass and one was developed for 
the average velocity dependence of the ejecta mass, which was shown to be a decreasing function of velocity.  These terms 
imply a square root dependence on scale size for large impactors and high impact speeds.  They also show from a 0.6 to 1 
power impact velocity dependence for momentum enhancement.  These behaviors imply that large momentum 
enhancements are possible in impacting asteroids or comet nuclei, which makes hypervelocity impacts an effective way to 
deflect them for either protecting planet Earth or for engineering purposes.  
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